We present a relativistic constituent quark model to analyze the mass spectrum and hadronic properties of radially excited u and d quark sector mesons. Using a simple Gaussian function as a trial wave function for the variational principle of a QCD motivated Hamiltonian, we obtain the mass spectrum consistent with the experimental data. To do the same for several observables such as decay constants and form factors, it seems necessary to include both Dirac and Pauli form factors on the level of constituent quarks. Taking into account the quark form factors, we thus present the generalized formulas for the rho meson decay constant and form factors as well as the πγ transition form factor. We also predict several hadronic properties for the radially excited states.
I. INTRODUCTION
Based on a detailed analysis of the meson mass spectrum by Godfrey and Isgur (GI) [1] , the light-cone (LC) approach has been adopted to describe the pion decay constant [2] , the charge form factor of the pion [2] [3] [4] [5] , the electromagnetic form factors of the ρ meson [6] and the radiative ρπ and ωπ transition form factors [3, 4] . In this approach, Cardarelli et al. used the eigenfunctions of the effectiveGI Hamiltonian as orbital wave functions which consist of a truncated set of at least 38 harmonic oscillator (HO) basic states. While these wave functions reproduce the meson mass spectrum very well, it became necessary to introduce Dirac and Pauli form factors on the level of the constituent quarks (CQ) in order to reproduce hadronic meson properties. This has been done to calculate the charge form factor of the pion, the radiative ρπ and ωπ transition form factors [2, 4] (both including Dirac and Pauli CQ form factors) and the electromagnetic form factors of the ρ meson [6] (Dirac CQ form factor only).
Recently [7] , however, it was observed that both the masses and the hadronic properties of ground state pseudoscalar and vector mesons can fairly well be reproduced by taking just a single 1S-state HO wave function given by
(1.1)
In these calculations, the choice of the Gaussian parameter β has been obtained by the variational principle for the QCD motivated Hamiltonian including the Coulomb plus confining potential. In this paper, we adopt this model [7] and extend it to the radially excited states for the u and d quark sector where the masses of u and d CQ can be taken equal, m u = m d . The necessity of CQ Dirac and Pauli form factors was also confirmed in our analysis of both ground state and excited states. We thus present the generalized formulas for the rho meson decay constant and form factors as well as the πγ transition form factor taking into account both Dirac and Pauli CQ form factors. Following the ground state analysis, it may not be so unreasonable to take 2S and 3S HO wave functions given by for the first and second excited states, respectively. However, we tried the variations from these wave functions and obtained more justifications for using Eqs. (1.2) and (1.3), as we will present in the next section. The LC formalism (for a recent review see [8] ), first introduced by Dirac [9] , presents a natural framework to include the relativistic effects which turned out to be crucial to describe the low-lying mesons [1] . Distinctive features of the LC time (τ = t + z/c) quantization include the suppression of vacuum fluctuations [10] and the conversion of the dynamical problem from boost to rotation [11] , which has the compact parameter space. Various hadronic properties are calculated using the well established formulation in the Drell-YanWest q + = 0 frame [12] . We also use the Melosh transformation [13] to assign proper quantum numbers J P C to the mesons. In our model, the meson state |M is represented by 4) where Q andQ are the effectively dressed quark and antiquark. The model wave function consists of the radial wave function φ nS , the spin-orbit wave function R obtained by the Melosh-transformation and a Jacobi factor
Here, the Jacobian of the variable transformation {k n , k ⊥ } → {x, k ⊥ } is given by ∂kn ∂x
and the spin-orbit wave function for spin (S, S z ) is given by 6) where the Melosh rotation is given by
withn = (0, 0, 1). Also, the wave function is normalized as
We treat the meson mass according to the invariant meson mass scheme where the meson mass square M 2 0 for the case m q = mq is given by
with m q being the CQ mass. The intrinsic LC variables x and k ⊥ are given by x = k
Here, the subscript ⊥ indicates the component perpendicular to the LC quantization axisn and the + component of a 4-vector k = (k 0 , k) is given by k + = k 0 +n ·k. The total 4-momentum of a meson in the frame of P ⊥ = 0 ⊥ is therefore given by P = (P + , M 2 /P + , 0 ⊥ ) and those of the quark and antiquark are given by
respectively. The paper is organized as follows: In Sec. II, we fix our model parameters. First, in Sec. II A, we set up the QCD motivated effective Hamiltonian for theinteraction. Using the wave function in Eq. (1.1) we determine the Gaussian parameter β from the variational principle. With a relativistic hyperfine interaction we then determine the best potential parameters and CQ mass m q to fit the mass spectrum for the radially excited states of the u and d quark sector as well as the pion decay constant f π . In Sec. II B, we introduce the CQ form factors and fix the parameters associated with these form factors using the pion form factor F π and the transition magnetic moments µ ρπ and µ ωπ . In Sec. III, we present the generalized formulas taking into account the CQ form factors and predict the rho decay constant f ρ , the rho electromagnetic form factors and the π 0 → γ * γ transition form factor F πγ . We also predict several hadronic observables involving radially excited states in this section. Summary and discussion follow in Sec. IV. In the Appendix, the details of the fitting procedure for the CQ structure parameters are presented.
II. FIXING THE MODEL PARAMETERS

A. CQ Mass and Potential Parameters
We start with the QCD motivated effectiveHamiltonian as given by [7, 1] for the description of the meson mass spectrum
where Mis the mass of the meson, the free Hamiltonian is As shown in [7] , we use the variational principle for the ground state wave function in Eq. (1.1) to determine the value of the variational parameter β by satisfying
where V 0 is the interacting potential consisting of (a) Coulomb plus HO, and (b) Coulomb plus linear potential
Here, V conf (r) = br 2 [V conf (r) = br] for HO [linear] confining potentials. Once the optimal parameter β for the ground state is determined, we use the same β for the first and second excited states. This ensures that all these states are orthogonal.
To distinguish the vector meson from the pseudoscalar meson, we include a hyperfine interaction [1, 14] 
where E q = m 2 q + k 2 , Eq = m 2 q + k 2 and S q · Sq = 1/4 [−3/4] for vector [pseudoscalar] mesons. Since we are dealing with light mesons including radially excited states, this relativistic correction is essential. If we were to calculate the mass splitting ∆M nS between pseudoscalar and vector mesons using the non-relativistic V hyp given by This result clearly contradicts with the experimental values ∆M 1S = 0.630 GeV, ∆M 2S ≈ 0.100 GeV and ∆M 3S ≈ 0.100 GeV.
To determine the potential parameters, we proceeded as follows. First, we chose the quark mass m q = mq as an input parameter assuming m u = m d . For both HO and linear potentials, we tried reasonable CQ masses in the range 0.150 GeV < ∼ m q < ∼ 0.300 GeV. The potential parameters a, b and κ were chosen to provide an optimal fit for π, π(2S), ρ and ρ(2S). Then, we predicted the meson masses for π(3S) and ρ(3S). Our results are summarized in Table I . As one can see, the results for a wide range of the CQ mass m q are within the experimental limits of the mass spectrum. Furthermore, the difference between the results of HO and linear potential is quite small once the best fit parameters are chosen. Note that the identity of the higher resonances is not completely clear yet [15] . While there are some experimental evidences for rho meson with mass 1700 ± 20 MeV, there is also a reported resonance at 2149 ± 17 MeV. In fact, ρ(1700) might be a 3S-hybrid mixture. Further consideration should be made to see if our simple model may or may not be suitable to reproduce these higher resonances.
We have also examined the Gaussian smearing function to weaken the singularity of the Delta function in the hyperfine interaction
It turns out, however, that the smearing effect is negligible in our model calculations and the well known value of σ = 1.8 [1] did not change our results appreciably. The radial wave function in Eq. (1.1) has been used successfully to approximate the ground state wave function in a couple of papers as mentioned above. In order to make sure if the first and second excited states can be well approximated with Eqs. (1.2) and (1.3), we varied the wave function of the first excited state to the mixed wave function
where |2S and |3S denote the second and third HO states. We determined the parameters f 2 and f 3 using the variational principle in Eq. (2.2) as f 2 = 0.982 and f 3 = 0.190, showing that the added term is much suppressed. For the second excited state we used the wave function
which is orthogonal to Eq. (2.9). However, the calculated mass eigenvalues for these states deviate less than 2% from our values determined by using Eqs. (1.2) and (1.3). Therefore, we trust that our approximation of using Eqs. (1.2) and (1.3) is well justified. While all the parameter sets summarized in Table I give a good agreement with the mass spectrum, the pion decay constant is rather sensitive to the choice of m q . Following the LC approach of [16, 17] for the pion decay constant given by 0 qγ + γ 5 q P , 00
one gets
As shown in Table I , the calculated value of 91.9 MeV for m q = 0.190 GeV and the HO potential is in good agreement with the experimental value of 92.4±0.25 MeV from [15] . We therefore from now on use the parametrization where m q = 0.190 GeV and β = 0.4957 GeV.
In our work, we don't need to introduce an arbitrary axial-vector coupling constant on the level of CQ [2] .
In Fig. 1 , we compare our central potential with those of other publications [1, 14, 7] in the interesting range of up to 2 fm. Our potential seems quite comparable to the other calculations.
B. CQ Form Factor Parameters
While the CQ were often treated as pointlike particles, there are hints in the literature [2] [3] [4] [5] [6] that the CQ may not be treated as pointlike particles. Especially, the Gerasimov sum-rule calculation [18] indicates that the CQ should be treated as extended particles. Thus, we introduced Dirac and Pauli form factors on the level of CQ. In fact, the Gaussian parameter β = 0.4957 GeV of our parametrization is somewhat larger than that of other calculations [7, 16, 17, 14] where β is generally in the range β ≈ 0.3 . . . 0.4 GeV. Therefore, it seems important to take into account these CQ form factors in order to obtain comparable results with the experimental data for the hadronic properties.
We substitute j µ = e q γ µ at a quark-photon coupling by the more general form
where the Dirac and Pauli form factors on the level of CQ are normalized as F (q)
Here, e q and κ q are the CQ charge and anomalous magnetic moment,
is the 4-momentum transfer square and
For the Dirac and Pauli CQ form factors F D and F P , we adopt simple monopole and dipole forms
as other authors [4] used. It turns out to be sufficient for our purpose to use this simple monopole and dipole form. To fix the model parameters < r 2 D >, < r 2 P >, κ u and κ d , we fit our model to the available pion form factor data and to the experimental values of the transition magnetic moments µ ρπ and µ ωπ . The details of the fitting procedure are presented in the Appendix.
Our determined values for the parameters < r 2 D >, < r 2 P >, κ u and κ d are shown in Table II . Note that these parameters are comparable to those determined in [4] . Also, we calculated the ratio (e u + κ u )/(e d + κ d ) which is predicted in [18] as −1.80 ± 0.02, which is comparable to our value of −1.94.
In Fig. 2 , we show our calculation for F π and compare it to the experimental data taken from [19] . We also compare our calculation to a simple Vector Meson Dominance (VMD) model where
In Fig. 3 , we show the radiative transition form factors F ρπ and F ωπ and the body form factors H ρπ D and H ρπ P .
III. CALCULATION OF HADRONIC PROPERTIES
Having fixed all the parameters of our model in Sec. II, we now present our predictions of various hadronic properties of pseudoscalar and vector mesons including also the radially excited states.
we calculate the rho decay constant f ρ including both Dirac and Pauli form factors on the level of CQ by taking J q µ as defined in Eq. (2.13). We obtain for ρ
where
and
Note here that the momentum transfer square equals the mass of the rho meson
2 . While I D has been already derived in [17] , I P is our new body form factor related to the Pauli form factor in the electromagnetic current operator J q µ . Using our parametrization (Table II) we get the value f ρ = 153 MeV which is in a good agreement with the experimental data f ρ = 152.8±3.6 MeV obtained from the width Γ(ρ → e + e − ) [15] .
B. ρ + Form Factors
Our calculation for the ρ + form factors follows the one presented in [20] . However, we again treat the CQ as extended objects characterized by Dirac and Pauli form factors in contrast to a treatment as point like ones.
In the standard LC frame the charge, magnetic and quadrupole form factors of a meson can be obtained from the plus component of three helicity matrix elements [21] F C = 1 (2α + 1)
is a kinematic factor and J µ q is defined in Eq. (2.13). This representation is not unique; there are different prescriptions in the literature, as discussed in [6] . This ambiguity is reflected in the fact that the angular condition
is in general violated unless the exact Poincaré covariant current operator beyond one-body sector is used. At zero momentum transfer, these form factors are proportional to the meson charge e, magnetic moment µ 1 and quadrupole moment Q 1 :
In the LC quark model, the matrix element P ′ , λ ′ J µ q P, λ can be calculated by the convolution of initial and final LC wave function of a meson
After a straightforward calculation, choosing the + component of the current, we get 11) where the body form factors related to the Dirac part are given by
Here, λ ′ = 2m + M ′ 0 . These formulas have already been used by the authors of [6] where they calculated the ρ + form factors including only the Dirac part of the CQ form factors by assuming that the anomalous magnetic moments of the CQ are negligible. We, however, present a complete calculation including also the Pauli form factor part. For the new body form factors related to the Pauli part, we obtain
17)
We show the result for the ρ + form factors using our parametrization (Table II) in Fig. 4 . In Table III , we list our calculations for µ 1 and Q 1 . Note that our result is quite comparable to other calculations [22, 6, 20] .
Using Eq. (3.8), we have also calculated the violation of the angular condition and compared it in Fig. 5 with several other calculations [6, 20] . The violation of the angular condition seems to be suppressed by taking into account the structure of CQ, compared with the other calculations.
The π 0 → γ * γ form factor F πγ has been calculated quite successfully in several models where the CQ has been treated as a pointlike particle [17, 7] . We show the generalized formulation including both Dirac and Pauli form factor of the CQ.
The π 0 → γ * γ transition form factor in leading order is defined as 20) where P is the momentum of the incident pion and q * is the momentum of the virtual photon. Taking P + = 1 the vertex factor is given by
Note that we have to plug in J q µ as defined in (2.13) at the vertices of the real and the virtual photon. Here, of course, the momentum transfer square for the real photon should be zero. After a straightforward calculation, we get
Our result is shown in Fig. 6 . As Jaus [17] pointed out, the hadron structure of the neutral pseudoscalar meson (π 0 ) may not be well enough approximated by the one-loop calculation. Gluon-exchange effects may introduce additional structure that might lead to a mechanism analogous to the flavor mixing of isoscalar states. Especially, at Q 2 = 0, from the one-loop formula given by Eqs. (3.22) and (3.23) and the definition of Γ πγ given by
we obtaion Γ πγ = 4.97 eV. However, the agreement with the experimental data Γ πγ = 7.8 ± 0.5 eV can be obtained by taking into account the PCAC and the anomaly of the axial-vector current [23, 24] , which predicts
Using this and Eq. (3.24), we obtain Γ πγ = 7.82 eV.
On the other hand, the high-momentum transfer region (Q 2 > ∼ few GeV 2 ) is dominated by the one-loop off-shell quark contribution as evidenced from the Q 2 -behaviour ∼ 1 Q 2 . Recently [25] , it has been shown that for high momentum transfer region the transition form factor can be obtained by the renormalization scale and scheme independent PCQD calculation as
where α V (e −3/2 Q)/π ≈ 0.12. Using this relation, one can get a good agreement with the experimental data for Q 2 > ∼ 2 GeV 2 , as shown in Fig. 6 .
D. Predictions for Radially Excited States
We also calculate several hadronic properties of radially excited states using the same parameters shown in Table II . For these calculations, we use the radial wave functions φ 2S and φ 3S from Eqs. (1.2) and (1.3), respectively.
In Table IV , we summarized our results including the transition magnetic moments µ ρ ′+ π + and µ ω ′ π 0 , which are the transitions from the first exited state to the ground state. While the pion and rho decay constants are proportional to the wave functions at the origin for the ground state, the nodal structures of 2S and 3S radially excited states make intuitive predictions on the ordering of decay constant magnitudes untenable. We also show our result for the pion form factors for the first and second excited states in Fig. 7 .
IV. SUMMARY AND DISCUSSION
In this paper, we used a simple relativistic CQ model to calculate various properties of radially excited u and d quark sector mesons. We find that a QCD motivated Hamiltonian with a relativistically corrected hyperfine interaction yield the mass spectrum comparable with data. We also treated the CQ not as pointlike objects but as extended ones, thereby introducing both Dirac and Pauli electromagnetic form factors for the CQ, and were able to obtain a reasonable agreement with the data for hadronic properties like the pion decay constant f π , the pion form factor F π and the transition magnetic moments µ ρπ and µ ωπ . Furthermore, we used this model to calculate the rho decay constant f ρ , the rho form factors and the π 0 → γ * γ transition form factor F πγ , presenting for the first time generalized formulas including both Dirac and Pauli form factors on the level of the CQ. We find that the angular condition ∆(Q 2 ) is better satisfied when the CQ form factors are included. However, our model is intrinsically limited to small momentum transfer range. As an application of our model, we also calculated several hadronic properties for radially excited states. Further experimental data on radially excited states will give more stringent test of our model. 
APPENDIX: DETAILS OF THE DETERMINATION OF THE CQ PARAMETERS
The calculation of F π has been considered in a number of references [26, 27, 2, 4] . For π + = ud one gets
assuming the same internal structure for the u and d CQ, 
Following a similar spin and flavour algebra for ρ + = ud, ω = 1/ √ 2(uū + dd) and π 0 = 1/ √ 2(uū − dd), one gets for the radiative ρ + → π + γ * and ω → π 0 γ * transition form factors
and 
Here, λ = 2m + M 0 .
We are now able to fix the parameters κ u and κ d . The value of the transition form factors at Q 2 = 0, the transition magnetic moments µ ρπ and µ ωπ , have been experimentally determined from the radiative decay widths of ρ and ω mesons [17, 20] viz.
and a similar expression for Γ(ω → πγ) as µ ρπ = 0.741 ± 0.038 GeV −1 and µ ωπ = 2.33 ± 0.06 GeV −1 , respectively [15] . From (A4) and (A5) we get
By fitting the experimental value for µ ρπ and µ ωπ one gets κ u − κ d = 0.138 ± 0.015 and κ u + κ d = 0.036 ± 0.01 or, correspondingly, κ u = 0.087 ± 0.013 and κ d = −0.051 ± 0.013.
The mean square radii (MSR) associated with F (q)
and < r
. Assuming the same internal electromagnetic structure for quark and antiquark, we have r
To determine r (q) D and r (q) P , we fit our model to the well known electromagnetic form factor for the pion F π , following the procedure outlined in [4] . Using (A1), we get [28] . The last parameter to be determined, < r 2 P >, is not affected by the Q 2 ≈ 0 range of F π (see Eq. (A11)) and can be chosen to be < r 2 P >= 0.136 fm 2 to get a good agreement in the whole range of existing pion form factor data.
Finally, making use of the uncertainties due to the experimental errors, we determine our parametrization (see Table II [20, 6] . A feature of our model is the fact that the violation of the angular condition is smaller than in other models.
FIG. 6. The π 0 → γ * γ form factor F πγ . Our result agrees with the experimental data [29, 30] only for low Q 2 . Using a simple power law Ansatz as suggested in [25] we get agreement for Q 2 > 2 GeV 2 .
FIG. 7.
The π + form factor times Q 2 for the ground state (1S) and the first two radially excited states (2S and 3S). a Predictions from [7] . b Data taken from [15] . c See the text for a discussion of possible resonances at 1.700 ± 0.020 GeV and 2.149 ± 0.017 GeV. [20, 7] . The second and third columns show our predictions without and with CQ form factors.
TABLES
Choi/Ji [20, 7] our [6] , [20] and [22] , respectively. 
